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About amenability of subgroups of the group of diffeomorphisms of the
interval.
E.T.Shavgulidze
Department of Mechanics and Mathematics, Moscow State University, Moscow,
119991 Russia
Averaging linear functional on the space continuous functions of the group of
diffeomorphisms of interval is found. Amenability of several discrete subgroups
of the group of diffeomorphisms Diff3([0, 1]) of interval is prove. In particular, a
solution of the problem of amenability of the Thompson’s group F is given.
1. The main result.
Let Diff1+([0, 1]) be the group of all diffeomorphisms of class C
1 of interval [0, 1]
that preserve the endpoints of interval, and let Diff3+([0, 1]) be the subgroup of
Diff1+([0, 1]) consisting of all diffeomorphisms of class C
3([0, 1]), and
Diff30([0, 1]) = {f ∈ Diff3+([0, 1]) : f ′(0) = f ′(1) = 1}.
The group Diff1+([0, 1]) is equipped with the topology inherited from the space
C1([0, 1]).
Let us denote Dn = {(x1, ..., xn−1) : 0 < x1 < ... < xn−1 < 1} ⊂ Rn−1
and x0 = 0, xn = 1.
We say that a subgroup G of Diff30([0, 1]) satisfies condition (a), if
(i) there are a integer ln > ln−1 (l0 = 1) for any natural n and a countably
additive Borel measure ηn on Dln such that ηn(Dln) = 1,
(ii) for any positive ε and any g ∈ G, we can find natural N(ε, g) such that, for
any n > N(ε, g), it exists a Borel subset Zn,ε,g ⊂ Dln that ηn(Zn,ε,g) > 1 − ε and
max
1≤k≤ln
(xk − xk−1) < ε for any (x1, x2, ..., xln−1) ∈ Zn,ε,g where x0 = 0, xln = 1,
(iii) (1 − ε)ηn(Y ) < ηn(gY ) < (1 + ε)ηn(Y ) for any Borel subset Y ⊂ Zn,ε,g
where gY = {(g(x1), g(x2), ..., g(xln−1)) : (x1, x2, ..., xln−1) ∈ Y }.
For any positive δ < 1, denote by C1,δ0 ([0, 1]) the set of all functions f ∈ C1([0, 1])
such that f(0) = 0 and ∃C > 0 ∀t1, t2 ∈ [0, 1] |f ′(t2)−f ′(t1)| < C|t2− t1|δ. Define
a Banach structure on the linear space C1,δ0 ([0, 1]) by a norm
‖f‖1,δ = |f ′(0)|+ sup
t1,t2∈[0,1]
|f ′(t2)− f ′(t1)|
|t2 − t1|δ
for any function f ∈ C1,δ0 ([0, 1]).
Let Diff1,δ+ ([0, 1]) = Diff
1
+([0, 1])
⋂
C
1,δ
0 ([0, 1]). It is easy to see that Diff
1,δ
+ ([0, 1])
is a subgroup of the group Diff1+([0, 1]). The subgroup Diff
1,δ
+ ([0, 1]) is equipped
with the topology inherited from the space C1,δ0 ([0, 1]).
Let Cb(Diff
1,δ
+ ([0, 1])) be the linear space of all bounded continuous functions on
the space Diff1,δ+ ([0, 1]), and let Cb(Diff
1
+([0, 1])) be the linear space of all bounded
continuous functions on the space Diff1+([0, 1]).
Introduce the functions e1,δ : Diff
1,δ
+ ([0, 1]) → R, e1,0 : Diff1+([0, 1]) → R by
setting e1,δ(g) = 1 for any g ∈ Diff1,δ+ ([0, 1]) and e1,0(f) = 1
for any f ∈ Diff1+([0, 1]). Let Fg(f) = F (g−1 ◦ f) for any g ∈ Diff30([0, 1]),
f ∈ Diff1,δ+ ([0, 1]) and F ∈ Cb(Diff1,δ+ ([0, 1])).
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2Theorem 1. If a subgroup G of Diff30([0, 1]) satisfies condition (a) and a positive
δ < 12 then there exists a linear functional
Lδ : Cb(Diff
1,δ
+ ([0, 1])) → R such that Lδ(e1,δ) = 1, |Lδ(F )| ≤ sup
f∈Diff1,δ+ ([0,1])
|F (f)|,
Lδ(F ) ≥ 0 for any nonnegative function F ∈ Cb(Diff1,δ+ ([0, 1])), and
Lδ(Fg) = Lδ(F ) for any g ∈ G and F ∈ Cb(Diff1,δ+ ([0, 1])).
The restriction of any function of the space Cb(Diff
1
+([0, 1])) on Diff
1,δ
+ ([0, 1])
belongs to the space Cb(Diff
1,δ
+ ([0, 1])). Hence we obtain the following assertion.
Corollary 1.1. If a subgroup G of Diff30([0, 1]) satisfies condition (a) then
there exists a linear functional L0 : Cb(Diff
1
+([0, 1])) → R such that L0(e1,0) =
1, |L0(F )| ≤ sup
f∈Diff1+([0,1])
|F (f)|, L0(F ) ≥ 0 for any nonnegative function F ∈
Cb(Diff
1
+([0, 1])), and L0(Fg) = L0(F ) for any g ∈ G and F ∈ Cb(Diff1+([0, 1])).
We say that a discrete subgroup G of Diff30([0, 1]) satisfies condition (b), if there
is a such C > 0 that
sup
t∈[0,1]
| ln(g′1(t))− ln(g′2(t))| ≥ C for any g1, g2 ∈ G, g1 6= g2.
Theorem 2. If a discrete subgroup G of Diff30([0, 1]) satisfies conditions (a), (b),
then the subgroup G is amenable.
In [2] E`.Ghys and V.Sergiescu proved that the Thompson’s group F is isomorphic
to a discrete subgroup G of Diff30([0, 1]) which satisfies condition (b).
Corollary 2.1. The Thompson’s group F is amenable. .
2. Proof of Theorem 1.
Define the mapping A : Diff1+([0, 1])→ C0([0, 1]) by setting
A(q)(t) = ln(q′(t)) − ln(q′(0)) ∀t ∈ [0, 1].
The mapping A is a topological isomorphism between the space Diff1+([0, 1]),
C0([0, 1]) moreover
A−1(ξ)(t) =
∫ t
0 e
ξ(τ)dτ∫ 1
0
eξ(τ)dτ
.
Introduce the Wiener measure w on the space C0([0, 1]). Define a Borel measure
ν on Diff1+([0, 1]) by setting ν(X) = w(A(X)) for any Borel subset X of topological
space Diff1+([0, 1]).
Let δ ∈ (0, 12 ). It follows from the properties of Wiener measure w (see [4]) that
measure ν is concentrated on the set Eδ = Diff
1,δ
+ ([0, 1]), i.d. ν(Eδ) = 1, moreover
the Borel subsets of metric space Eδ is measurable with respect to the measure ν.
As it was proved in [3], the measure ν is quasi-invariant with respect to the left
action of subgroup Diff3+([0, 1]) on the group Diff
1
+([0, 1]), moreover
ν(gX) =
1√
g′(0)g′(1)
∫
X
e
g′′(0)
g′(0) q
′(0)− g′′(1)
g′(1) q
′(1)+
∫ 1
0
Sg(q(t))(q
′(t))2dt
ν(dq),
for any Borel subset X of topological space Diff1+([0, 1]),and any g ∈ Diff3+([0, 1]),
where gX = {g ◦q : q ∈ X} and Sg(τ) = g
′′′(τ)
g′(τ) − 32 ( g
′′(τ)
g′(τ) )
2 (the Schwartz derivative
of function g).
3For the proof of Theorem 1 we need the following auxiliary assertions
Lemma 1. The following equality is valid∫
Eδ
(q′(0))l ν(dq) =
∫
Eδ
(q′(1))l ν(dq)
for any natural l.
Proof. Let ξ = A(q), i.d. ξ(t) = ln(q′(t))− ln(q′(0)). Then
q′(0) =
1∫ 1
0 e
ξ(τ)dτ
, q′(1) =
eξ(1)∫ 1
0 e
ξ(τ)dτ
.
Let us take
Ml =
∫
Eδ
(q′(1))l ν(dq) =
∫
Diff1+([0,1])
(q′(1))l ν(dq) =
=
∫
C0([0,1])
(
eξ(1)∫ 1
0
eξ(τ)dτ
)l w(dξ) =
∫
C0([0,1])
(
1∫ 1
0
eξ(1−τ)−ξ(1)dτ
)l w(dξ)
Let ζ(t) = ξ(1 − t) − ξ(1). The Wiener measure w is invariant with respect to
the action ζ 7−→ ξ, thus,
Ml =
∫
C0([0,1])
(
1∫ 1
0
eζ(τ)dτ
)l w(dζ) =
=
∫
Diff1+([0,1])
(q′(0))l ν(dq) =
∫
Eδ
(q′(0))l ν(dq),
which implies the assertion of Lemma 1.
Introduce the measure νn = ν ⊗ ...⊗ ν on the space Enδ = Eδ × ...× Eδ.
Let c1 = 1 +M1 +M2 +
∫
Eδ
(
∫ 1
0 (q
′(t))2dt) ν(dq).
For any r > 0, g ∈ Diff3+([0, 1]), x = (x1, ..., xn−1) ∈ Dn, we write
Cg = 1 + max
0≤t≤1
(| g′′(t)
g′(t) |+ ( g
′′(t)
g′(t) )
2 + | g′′′(t)
g′(t) |) and
Xr,g,x = {(q1, ..., qn) : q1, ..., qn ∈ Eδ
|
n∑
k=1
[(xk − xk−1)(g
′′(xk−1)
g′(xk−1)
q′k(0)−
g′′(xk)
g′(xk)
q′k(1))+
+(xk − xk−1)2
∫ 1
0
Sg(xk−1 + (xk − xk−1)qk(t))(q′k(t))2dt]| ≤ 4c1Cgr}.
Lemma 2. If ǫ ∈ (0, 1), then the following inequality is fulfilled
νn(E
n
δ r X 3
√
ǫ,g,x) ≤ 2 3
√
ǫ for any g ∈ Diff3+([0, 1]), for any positive integer n and
x = (x1, ..., xn−1) ∈ Dn, satisfying the inequality
max
1≤k≤n
(xk − xk−1) < ǫ.
Proof. Let
f1(q1, ..., qn) =
n∑
k=1
(xk − xk−1)(g
′′(xk−1)
g′(xk−1)
q′k(0)−
g′′(xk)
g′(xk)
q′k(1)).
4Then
I1 =
∫
Eδ
...
∫
Eδ
f1(q1, ..., qn) ν(dq1)...ν(dqn) = M1
n∑
k=1
(xk−xk−1)(g
′′(xk−1)
g′(xk−1)
− g
′′(xk)
g′(xk)
).
As | g′′(xk−1)
g′(xk−1)
− g′′(xk)
g′(xk)
| ≤ Cg(xk − xk−1), we have
|I1| ≤M1Cg
n∑
k=1
(xk − xk−1)2 ≤M1Cgǫ
n∑
k=1
(xk − xk−1) = M1Cgǫ.
If k 6= l then∫
Eδ
∫
Eδ
(
g′′(xk−1)
g′(xk−1)
(q′k(0)−M1)−
g′′(xk)
g′(xk)
(q′k(1)−M1))
(
g′′(xl−1)
g′(xl−1)
(q′l(0)−M1)−
g′′(xl)
g′(xl)
(q′l(1)−M1))ν(dqk)ν(dql) = 0,
therefore
I2 =
∫
Eδ
...
∫
Eδ
(f1(q1, ..., qn)− I1)2 ν(dq1)...ν(dqn) =
n∑
k=1
(xk − xk−1)2
∫
Eδ
[
g′′(xk−1)
g′(xk−1)
(q′k(0)−M1)−
g′′(xk)
g′(xk)
(q′k(1)−M1)]2ν(dqk) ≤
≤ 2
n∑
k=1
(xk − xk−1)2[(g
′′(xk−1)
g′(xk−1)
)2
∫
Eδ
(q′k(0)−M1)2ν(dqk)+
+(
g′′(xk)
g′(xk)
)2
∫
Eδ
(q′k(1)−M1)2ν(dqk)] =
= 2
n∑
k=1
(xk − xk−1)2[(g
′′(xk−1)
g′(xk−1)
)2 + (
g′′(xk)
g′(xk)
)2][
∫
Eδ
(q′k(0))
2ν(dqk)− (M1)2] ≤
≤ 4M2Cg
n∑
k=1
(xk − xk−1)2 ≤ 4M2Cgǫ
n∑
k=1
(xk − xk−1) = 4M2Cgǫ.
Hence,
νn({(q1, ..., qn) : |f1(q1, ..., qn)−I1| ≥ 2c4Cg 3
√
ǫ}) ≤ I2
(2c4Cg 3
√
ǫ)2
≤ 4M2Cgǫ
(2c4Cg 3
√
ǫ)2
≤ 3√ǫ.
Thus
νn({(q1, ..., qn) : |f1(q1, ..., qn)| ≥ 3c1Cg 3
√
ǫ}) ≤ 3√ǫ.
Let
f2(q1, ..., qn) =
n∑
k=1
((xk − xk−1)2
∫ 1
0
Sg(xk−1 + (xk − xk−1)qk(t))(q′k(t))2dt.
Then
I3 =
∫
Eδ
...
∫
Eδ
|f2(q1, ..., qn)| ν(dq1)...ν(dqn) ≤
5≤ 2Cg
n∑
k=1
(xk − xk−1)2
∫
Eδ
(
∫ 1
0
(q′k(t))
2dt)ν(dqk) ≤
≤ 2c1Cgǫ
n∑
k=1
(xk − xk−1) = 2c1Cgǫ.
Thus
νn({(q1, ..., qn) : |f2(q1, ..., qn)| ≥ 2c1Cg 3
√
ǫ}) ≤ I3
2c1Cg 3
√
ǫ
≤ 2c1Cgǫ
2c1Cg 3
√
ǫ
= ( 3
√
ǫ)2 ≤ 3√ǫ.
Hence,
νn(E
n
δ rX 3
√
ǫ,g,x) =
= νn({(q1, ..., qn) : |f1(q1, ..., qn) + f2(q1, ..., qn)| ≥ 4c1Cg 3
√
ǫ}) ≤
≤ νn({(q1, ..., qn) : |f1(q1, ..., qn)| ≥ 2c1Cg 3
√
ǫ})+
+νn({(q1, ..., qn) : |f2(q1, ..., qn)| ≥ 2c1Cg 3
√
ǫ}) ≤ 2 3√ǫ,
which implies the assertion of Lemma 2.
Lemma 3. For any g ∈ Diff30([0, 1]), ǫ > 0, there is δ1 ∈ (0, 1) such that the
inequality is valid
|
n∏
k=1
g(xk)− g(xk−1)
(xk − xk−1)
√
g′(xk)g′(xk−1)
− 1| ≤ ǫ
for any natural n and any x = (x1, ..., xn−1) ∈ Dn satisfying the inequality
max
1≤k≤n
(xk − xk−1) < δ1, where x0 = 0, xn = 1.
Proof. Let ǫ ∈ (0, 1). Let C = max
t1,t2∈[0,1]
(1 + | g′′(t1)
g′(t1)
| + | g′′′(t2)
g′(t1)
|)2, δ1 = 1400(C+1) ,
x′k =
xk−xk−1
2 for any k (1 ≤ k ≤ n).
There are x∗k, x
∗∗
k x
∗∗∗
k ∈ (0, 1) such that
g(xk)− g(xk−1) = g′(x′k)(xk − xk−1) +
1
24
g′′′(x∗k)(xk − xk−1)3 =
= g′(x′k)(xk − xk−1)(1 +
g′′′(x∗k−1)
24g′(x′k)
(xk − xk−1)2),
g′(xk) = g′(x′k) +
1
2
g′′(x′k)(xk − xk−1) +
1
8
g′′′(x∗∗k )(xk − xk−1)2
= g′(x′k)(1 +
g′′(x′k)
2g′(x′k)
(xk−1 − xk−2) + g
′′′(x∗∗k )
8g′(x′k)
(xk−1 − xk−2)2),
g′(xk−1) = g′(x′k)−
1
2
g′′(x′k)(xk − xk−1) +
1
8
g′′′(x∗∗∗k )(xk − xk−1)2
= g′(x′k)(1 −
g′′(x′k)
2g′(x′k)
(xk−1 − xk−2) + g
′′′(x∗∗∗k )
8g′(x′k)
(xk−1 − xk−2)2).
Hence
g(xk)− g(xk−1)
(xk − xk−1)
√
g′(xk)g′(xk−1)
=
1 + λ′k(xk − xk−1)√
1 + λ′′k(xk − xk−1)
where
λ′k =
g′′′(x∗k−1)
24g′(x′k)
(xk − xk−1),
λ′′k = ((
g′′(x′k)
2g′(x′k)
)2 +
g′′′(x∗∗k ) + g
′′′(x∗∗∗k )
8g′(x′k)
)(xk − xk−1)+
6+
g′′(x′k)(g
′′′(x∗∗∗k )− g′′′(x∗∗k ))
16(g′(x′k))2
(xk − xk−1)2 + g
′′′(x∗∗∗k )g
′′′(x∗∗k )
64(g′(x′k))2
(xk − xk−1)3.
As (xk − xk−1) < δ1, there are |λ′k| < Cδ1 < ǫ100 , |λ′′k | < Cδ1 < ǫ100 .
We have
σ = ln(
n∏
k=1
g(xk)− g(xk−1)
(xk − xk−1)
√
g′(xk)g′(xk−1)
) =
=
n∑
k=1
(ln(1 + λ′k(xk − xk−1)−
1
2
ln(1 + λ′′k(xk − xk−1))
and
|σ| ≤ 2
n∑
k=1
(|λ′k|+ |λ′′k |)(xk − xk−1) ≤
ǫ
10
n∑
k=1
(xk − xk−1) = ǫ
10
,
therefore
|
n∏
k=1
g(xk)− g(xk−1)
(xk − xk−1)
√
g′(xk)g′(xk−1)
− 1| = |eσ − 1| ≤ e ǫ10 − e− ǫ10 ≤ ǫ
5
+
ǫ
5
< ǫ,
which implies the assertion of Lemma 3.
Introduce the mapping Qn : Dn × Enδ → Eδ = Diff1,δ+ ([0, 1]) by setting
fn ◦ (l˜n)−1 = Qn(x1, ..., xn−1, ϕ1, ..., ϕn), where
fn(t) = xk−1 + (xk − xk−1)ϕk(n(t− k − 1
n
)),
l˜n(t) =
1
x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
·
·(x1 − x0 +
k−1∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
+
+(xk − xk−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
k(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−1(1)
n(t− k − 1
n
))
for t ∈ [k−1
n
, k
n
], (x1, ..., xn−1) ∈ Dn, (ϕ1, ..., ϕn) ∈ Enδ .
The function f = fn ◦ (l˜n)−1 belongs to Diff1,δ+ ([0, 1]), because the left derivation
f ′((l˜n)−1(
k − 1
n
− 0)) = n(xk−1 − xk−2)ϕk−1(1)·
·
x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
(xk−1 − xk−2)ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
k−1(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−2(1)
n
=
= (x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−1(1)
ϕ′2(0)ϕ
′
3(0)...ϕ
′
k−1(0)
.
is equal to the right derivation
f ′((l˜n)−1(
k − 1
n
+ 0)) = n(xk − xk−1)ϕk(0)·
7·
x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
(xk − xk−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
k
(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−1(1)
n
=
= (x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−1(1)
ϕ′2(0)ϕ
′
3(0)...ϕ
′
k−1(0)
.
Let a subgroup G of Diff30([0, 1]) satisfies condition (a). We write
Lδ,n(F ) =
∫
Dln
∫
Eδ
...
∫
Eδ
F (Qln(x¯, ϕ1, ..., ϕln))ηn(dx¯)ν(dϕ1)...ν(dϕln)
for any function F ∈ Cb(Eδ) = Cb(Diff1,δ+ ([0, 1])).
Theorem 3. If a subgroup G of Diff30([0, 1]) satisfies condition (a)
then lim
n→∞
|Lδ,n(Fg)−Lδ,n(F )| = 0 for any function F ∈ Cb(Diff1,δ+ ([0, 1])) and any
diffeomorphism g ∈ G.
Proof. Let F ∈ Cb(Diff1,δ+ ([0, 1])), g ∈ G, C = sup
g∈Eδ
|F (f)|.
Let ǫ ∈ (0, 1).
It follows from Lemma 3 that it exists δ1 ∈ (0, 1) such that
|
n∏
k=1
g(xk)− g(xk−1)
(xk − xk−1)
√
g′(xk)g′(xk−1)
− 1| ≤ ǫ
for any positive integer n and for x = (x1, ..., xn−1) ∈ Dn satisfying the inequalities
max
1≤k≤n
(xk − xk−1) < δ1.
Let us take positive ǫ1 satisfying the inequalities ǫ1 <
1
8ǫ
3, ǫ1 < δ1,
e4c5Cg
3
√
ǫ1 − e−4c4Cg 3√ǫ1 < ǫ.
It follows from Lemma 2 that the inequality is valid νn(E
n
δ rX 3
√
ǫ1,g,x) ≤ 2 3
√
ǫ1 ≤
ǫ for any positive integer n and for any x = (x1, ..., xn−1) ∈ Dn satisfying the
inequalities max
1≤k≤n
(xk − xk−1) < ǫ1.
Since the subgroup G satisfies condition (a) we have that
(i) there are a integer ln > ln−1 (l0 = 1) for any natural n and a countably
additive Borel measure ηn on Dln such that ηn(Dln) = 1,
(ii) we can find natural N(ǫ1, g) such that, for any n > N(ǫ1, g), it exists a Borel
subset Zn,ǫ1,g ⊂ Dln that ηn(Zn,ǫ1,g) > 1− ǫ1 and max
1≤k≤ln
(xk − xk−1) < ǫ1 for any
(x1, x2, ..., xln−1) ∈ Zn,ǫ1,g where x0 = 0, xln = 1,
(iii) (1 − ǫ1)ηn(Y ) < ηn(gY ) < (1 + ǫ1)ηn(Y ) for any Borel subset Y ⊂ Zn,ε,g
where gY = {(g(x1), g(x2), ..., g(xln−1)) : (x1, x2, ..., xln−1) ∈ Y }.
Hence it exists the function ̺n : Zn,ǫ1,g → R such that
1− ǫ1 ≤ ̺n(x) ≤ 1 + ǫ1 for any x ∈ Zn,ǫ1,g, ηn(gY ) =
∫
Y
̺n(x)ηn(dx) for any Borel
subset Y ⊂ Zn,ε,g.
Let yk = g(xk), y = (y1, ..., yln−1) ∈ Dln ,
g−1(y) = (x1, ..., xln−1) ∈ Dln . We receive
gX 3√ǫ1,g,g−1(y) = {(ϕ1, ..., ϕln) : (q1, ..., qln) ∈ X 3√ǫ1,g,x,
Qln(y1, ..., yln−1, ϕ1, ..., ϕn) = g ◦ (Qln(x1, x2, ..., xln−1, q1, ..., qln))}.
8It is easy to see that ϕk(t) =
g(xk−1+(xk−xk−1)qk(t))−g(xk−1)
g(xk)−g(xk−1) , because
(yk − yk−1)ϕ′2(0)ϕ′3(0)...ϕ′k(0)
(y1 − y0)ϕ′1(1)ϕ′2(1)...ϕ′k−1(1)
=
(xk − xk−1)q′2(0)q′3(0)...q′k(0)
(x1 − x0)q′1(1)q′2(1)...q′k−1(1)
We have ∫
gZn,ǫ1,g
νln(gX 3
√
ǫ1,g,g−1(y))ηn(dy) =
=
∫
Zn,ǫ1,g
(
∫
X 3√ǫ1,g,x
exp(
ln∑
k=1
[(xk − xk−1)(g
′′(xk−1)
g′(xk−1)
q′k(0)−
g′′(xk)
g′(xk)
q′k(1))+
+(xk − xk−1)2
∫ 1
0
Sg(xk−1 + (xk − xk−1)qk(t))(q′k(t))2dt])ν(dq1)...ν(dqln))
̺n(x)
ln∏
k=1
g(xk)− g(xk−1)
(xk − xk−1)
√
g′(xk)g′(xk−1)
ηn(dx) ≥
≥ (1− ǫ)3
∫
Zn,ǫ1,g
νln(X 3
√
ǫ1,g,x)ηn(dx) ≥ (1 − ǫ)5.
Hence,
|Lδ,n(Fg)−
∫
gZn,ǫ1,g
(
∫
gX 3√ǫ1,g,g−1(y)
Fg(Qln(y, ϕ1, ..., ϕln))
ν(dϕ1)...ν(dϕln ))ηn(dy)| ≤ C(1− (1 − ǫ)5)
and
|Lδ,n(F )−
∫
Zn,ǫ1,g
(
∫
X 3√ǫ1,g,x
F (Qln(x, q1, ..., qln))
ν(dq1)...ν(dqln))ηn(dx)| ≤ C(1− (1 − ǫ)2).
We have
|
∫
gZn,ǫ1 ,g
(
∫
gX 3√ǫ1,g,g−1(y)
Fg(Qln(y, ϕ1, ..., ϕln))
ν(dϕ1)...ν(dϕln ))ηn(dy)−
−
∫
Zn,ǫ1,g
(
∫
X 3√ǫ1,g,x
F (Qln(x, q1, ..., qln))
ν(dq1)...ν(dqln ))ηn(dx)| ≤
≤
∫
Zn,ǫ1,g
(
∫
X 3√ǫ1,g,x
| exp(
n∑
k=1
[(xk − xk−1)(g
′′(xk−1)
g′(xk−1)
q′k(0)−
g′′(xk)
g′(xk)
q′k(1))+
+(xk − xk−1)2
∫ 1
0
Sg(xk−1 + (xk − xk−1)qk(t))(q′k(t))2dt])
̺n(x)
ln∏
k=1
g(xk)− g(xk−1)
(xk − xk−1)
√
g′(xk)g′(xk−1)
− 1|
|F (Qln(x, q1, ..., qln))|ν(dq1)...ν(dqn))ηn(dx) ≤
9≤ Cǫ(2 + ǫ)
∫
Zn,ǫ1 ,g
νn(X 3√ǫ1,g,x)ηn(dx) ≤ Cǫ(2 + ǫ),
which implies the assertion of Theorem 3.
Define a ultrafilter ℑ on the set positive integers such that ℑ contains the sets
{n, n+1, ...} for any positive integer n. We set Lδ(F ) = limℑ Lδ,n(F ) for any function
F ∈ Cb(Eδ).
Note that the limit always exists because |Lδ,n(F )| ≤ sup
f∈Eδ
|F (f)|.
It is easy to see that L(e1,δ) = 1, |Lδ(F )| ≤ sup
f∈Eδ
|F (f)|, and L(F ) ≥ 0 for any
nonnegative function F ∈ Cb(Diff1,δ+ ([0, 1])). In turn, Theorem 1 follows from
Theorem 3.
2. Proof of Theorem 2.
Let B(G) be the linear space of all bounded functions on the group G.
Let positive δ < 12 , let
pδ(f) = | ln(f ′(0)|+ sup
t1,t2∈[0,1]
| ln(f ′(t2))− ln(f ′(t1))|
|t2 − t1|δ
and r(f) = inf
h∈G
pδ(h
−1 ◦ f) for f ∈ Diff1,δ+ ([0, 1]), θ(t) = 1 − t for t ∈ [0, 1] and
θ(t) = 0 for t > 1.
For any fixed f ∈ Diff1,δ+ ([0, 1]), C > 0, the set of functions
{ψ : ψ(t) = ln(g′(t)), g ∈ G, pδ(g ◦ f) < C} contain in a compact subset of the
space C([0, 1]), therefore it is finite according to condition (а). Hence, we can define
the linear mapping πδ : B(G) → Cb(Diff1,δ+ ([0, 1])) by setting
πδF (f) =
∑
h∈G
θ(pδ(h
−1 ◦ f)− r(f))F (h)
∑
h∈G
θ(pδ(h−1 ◦ f)− r(f)) .
Assign a linear functional l : B(G) → R by setting l(F ) = Lδ(πδF ).
It is easy to see that
|l(F )| = |Lδ(πδF )| ≤ sup
f∈Diff1,δ+ ([0,1])
|πδF (f)| ≤ sup
g∈G
|F (g)|,
l(F ) ≥ 0 for any nonnegative function F ∈ B(G), and l(eG) = 1, where eG(g) = 1
for all g ∈ G.
Denote by Fg(h) = F (g
−1 ◦ h) for F ∈ B(G), g, h ∈ G.
We have
πδFg(f) =
∑
h∈G
θ(pδ(h
−1 ◦ f)− r(f))F (g−1 ◦ h)
∑
h∈G
θ(pδ(h−1 ◦ f)− r(f)) =
=
∑
h∈G
θ(pδ(h
−1 ◦ g ◦ f)− r(g ◦ f))F (h)
∑
h∈G
θ(pδ(h−1 ◦ g ◦ f)− r(g ◦ f)) = πδF (g ◦ f),
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hence l(Fg) = Lδ(πδFg) = Lδ(πδF ) = l(F ),
which implies the assertion of Theorem 2.
3. Proof of Corollary 2.1.
Let f1(t) =
1
2 t for 0 ≤ t ≤ 12 , f1(t) = t− 14 for 12 ≤ t ≤ 34 ,
f1(t) = 2t− 1 for 34 ≤ t ≤ 1 and
f2(t) = t for 0 ≤ t ≤ 12 , f2(t) = 12 t+ 14 for 12 ≤ t ≤ 34 ,
f2(t) = t− 18 for 34 ≤ t ≤ 78 , f2(t) = 2t− 1 for 78 ≤ t ≤ 1.
The Thompson’s group F is generated by f1 and f2.
Denote by rn = 1 − 12n+1 for integer n ≥ 0 and r−k = 12k for integer k ≥ 1. We
have f1(rn) = rn−1 for any integer n.
The group F act on Dn by f(x1, ..., xn−1) = (f(x1), ..., f(xn−1)) for any f ∈ F ,
(x1, ..., xn−1) ∈ Dn.
LetIk0 = {(r0, r1)},
Ikn = {f2f−l11 f2f l1−l21 f2...f ln−2−ln−11 f2f ln−11 (r0, r1, ..., rn+1) : 0 ≤ li ≤ min(k, i)},
an,k = |Ikn | for n ≥ 0, k ≥ 1.
Lemma 4. lim
n→∞
an,k
4n+1 cos2n π
k+2
= (k + 2) sin2 π
k+2 .
Proof. It is easy to see that a0,k = 1, an,1 = 1, an+1,k+1 =
n∑
i=0
ai,k+1an−i,k.
Let uk(t) =
∞∑
n=0
an,kt
n.
We have u1(t) =
1
1−t , uk+1(t) = 1 + t uk+1(t)uk(t) or uk+1(t) =
1
1−tuk(t) .
Taking uk(t) =
pk−1(t)
pk(t)
, p0(t) = 1, p1(t) = 1− t we find
uk+1(t) =
1
1− tpk−1(t)
pk(t)
=
pk(t)
pk(t)− tpk−1(t) ,
pk+1(t) = pk(t)− tpk−1(t).
That means
pk(t) =
1
2k+2
√
1− 4t [(1 +
√
1− 4t)k+2 − (1−√1− 4t)k+2]
or pk(t) =
[ k+12 ]∏
l=1
(1− 4t cos2 πl
k+2 ).
Taking m = [k+12 ] we find
uk(t) =
4(k + 2) sin2 π
k+2
1− 4t cos2 π
k+2
+ ...+
4(k + 2) sin2 πm
k+2
1− 4t cos2 πm
k+2
=
=
∞∑
n=0
4n+1(k + 2)tn(sin2
π
k + 2
cos2n
π
k + 2
+ ...+ sin2
πm
k + 2
cos2n
πm
k + 2
).
Hence
an,k = 4
n+1(k + 2)(sin2
π
k + 2
cos2n
π
k + 2
+ ...+ sin2
πm
k + 2
cos2n
πm
k + 2
)
and lim
n→∞
an,k
4n+1 cos2n π
k+2
= (k + 2) sin2 π
k+2 which implies the assertion of Lemma 4.
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For any integer l ≥ 1, n1 ≥ 0, n2 ≥ 0,..., nl ≥ 0, we write
Yl,n1,n2,...,nl = {(r0, t1,1, t1,2, ..., t1,n1 , r1, t2,1, t2,2, ..., t2,n2 , r2, ...,
rl−1, tl,1, tl,2, ..., tl,nl , rl) : (ri−1, ti,1, ti,2, ..., ti,ni , ri) ∈ f i1(I l−ini ), 0 ≤ i ≤ l},
Y l,n =
⋃
n1+...+nl=n,n1≥0,...,nl≥0
Yl,n1,...,nl ,
Y
l,n
0 =
⋃
n2+...+nl=n,n2≥0,...,nl≥0
Yl,0,n2,...,nl .
It is easy to see that f2(Y
l+1,n) = Y l,n+1 \ Y l,n+10 .
Introduce the mapping κn : Dn → D2n by setting
κn(x1, x2, ..., xn−1) = (
x1
2
, x1,
x1 + x2
2
, x2,
x2 + x3
2
, ...,
xn−2 + xn−1
2
, xn−1,
xn−1 + 1
2
).
Denote by X0,l,n =
l⋃
i=0
l−1⋃
j=0
f
j
1 (Y
2l−i,n+i),
Xm,l,n = κ2m−1(n+2l+2)(κ2m−2(n+2l+2)(...κ2(n+2l+2)(κn+2l+2(X
0,l,n))...)).
We haveXm,l,n = κ2m−1(n+2l+2)(X
m−1,l,n) and f1(κ2m−1(n+2l+2)(x)) = κ2m−1(n+2l+2)(f1(x)),
f2(κ2m−1(n+2l+2)(x)) = κ2m−1(n+2l+2)(f2(x)) for any x ∈ Xm−1,l,n.
Also, if (t1, t2, ..., t2m(n+2l+2)) belongs to X
m,l,n then
{t1, t2, ..., t2m(n+2l+2)} ⊃ {
1
2m
,
2
2m
,
3
2m
, ...,
2m − 1
2m
}
for any m ≥ 1.
Lemma 5. For any positive ε, there are positive integer l, n such that
|f1(Xm,l,n)
⋂
Xm,l,n|
|Xm,l,n| > 1− ε, |f2(X
m,l,n)
⋂
Xm,l,n|
|Xm,l,n| > 1− ε for any m ≥ 0 .
Proof. It is sufficient to prove for m = 0. Take integer l > 4
ε
.
It follows from Lemma 4 that it exists such integer n that
|Y 2l−i,n+i0 |
|Y 2l−i,n+i| <
1
l3
for
any 0 ≤ i ≤ l.
As f2(Y
2l−i,n+i) = Y l−i−1,n+i+1 \ Y l−i−1,n+i+10 we have
(1− 1
l2
)|Y l,n+l| ≤ |Y 2l,n| ≤ |Y 2l−1,n+2| ≤ ... ≤ |Y l,n+l|
and |Y
l,n+l|
|
l⋃
i=0
Y 2l−i,n+i|
< 1
l
.
Hence, |f2(X
0,l,n)
⋂
X0,l,n|
|X0,l,n| > 1− |Y
l,n+l|
|
l⋃
i=0
Y 2l−i,n+i|
> 1− 1
l
> 1− ε.
As f1(
l−1⋃
j=0
f
j
1 (Y
2l−i,n+i))
⋂ l−1⋃
j=0
f
j
1 (Y
2l−i,n+i) =
l−1⋃
j=1
f
j
1 (Y
2l−i,n+i)
we find |f1(X
0,l,n)
⋂
X0,l,n|
|X0,l,n| = 1− 1l > 1− ε which implies the assertion of Lemma 5.
Take a infinite differential function ψ : R → R such that ψ(t + 1) = ψ(t) + 2,
0 < ψ′(t) ≤ 3 for any t ∈ R, ψ′(t) = 3 for any t ∈ [ 14 , 34 ], ψ(0) = 0, ψ(14 ) = 14 ,
ψ′(0) = 1,ψ(n)(0) = 0 for any n ≥ 2.
For any dyadic rational r = k2p ∈ (0, 1), denote xr = ψ−p(k), x′r = ψ−p(k − 14 ),
x′′r = ψ
−p(k + 14 ), φr(t) = ψ
−p(k + t).
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Let g1(t) = ψ
−1(t) for 0 ≤ t ≤ x 1
2
= 12 ,
g1(t) = ψ
−2(ψ2(t)− 1) for x 1
2
≤ t ≤ x 3
4
,
g1(t) = ψ(t)− 1 for x 3
4
≤ t ≤ 1 and
g2(t) = t for 0 ≤ t ≤ x 1
2
,
g2(t) = ψ
−2(ψ(t) + 1) for x 1
2
≤ t ≤ x 3
4
,
g2(t) = ψ
−3(ψ3(t)− 1) for x 3
4
≤ t ≤ x 7
8
,
g2(t) = ψ(t)− 1 for x 7
8
≤ t ≤ 1.
In [2] E`.Ghys and V.Sergiescu proved that the Thompson’s group F is isomorphic
to a discrete subgroup G of Diff30([0, 1]) which is generated by {g1, g2} and satisfies
condition (b).
Lemma 6. For any dyadic rational r ∈ (0, 1), there are positive integer α1, α2, β1, β2
such that |α1| ≤ 1, |α2| ≤ 1, |β1| ≤ 1, |β2| ≤ 1,
g1(φr(t)) = φf1(r)(ψ
α1(t)), g2(φr(t)) = φf2(r)(ψ
β1(t)), g1(φr(−t)) = φf1(r)(ψα2(−t)),
g2(φr(−t)) = φf2(r)(ψβ2(−t)) for any t ∈ [0, 14 ].
Proof. Let t ∈ [0, 14 ].
If r = 12 we have f1(r) =
1
4 , f2(r) =
1
2 ,
g1(φr(t)) = ψ
−2(ψ2(ψ−1(t+ 1))− 1) = ψ−2(ψ(t) + 1) = φf1(r)(ψ(t)),
g2(φr(t)) = ψ
−2(ψ((ψ−1(t+ 1))) + 1) = ψ−1((ψ−1(t) + 1) = φf2(r)(ψ
−1(t)),
g1(φr(−t)) = ψ−1(ψ−1(−t+ 1)) = ψ−2(−t+ 1) = φf1(r)(−t),
g2(φr(−t)) = ψ−1(−t+ 1) = φf2(r)(−t).
Hence α1 = 1, α2 = 0, β1 = −1, β2 = 0.
If r = 34 we have f1(r) =
1
2 , f2(r) =
5
8 ,
g1(φr(t)) = ψ(ψ
−2(t+ 3)− 1 = ψ−1(t+ 1) = φf1(r)(t),
g2(φr(t)) = ψ
−3(ψ3(ψ−2(t+ 3))− 1) = ψ−3((ψ(t) + 5) = φf2(r)(ψ(t)),
g1(φr(−t)) = ψ−2(ψ2(ψ−2(−t+ 3))− 1) = ψ−1(ψ−1(−t) + 1) = φf1(r)(ψ−1(−t)),
g2(φr(−t)) = ψ−2(ψ(ψ−2(−t+ 3)) + 1) = ψ−3(−t+ 5) = φf2(r)(−t).
Hence α1 = 0, α2 = −1, β1 = 1, β2 = 0.
If r = 78 we have f2(r) =
3
4 ,
g2(φr(t)) = ψ(ψ
−3(t+ 7))− 1 = ψ−2(t+ 3) = φf2(r)(t),
g2(φr(−t)) = ψ−3(ψ3(ψ−3(−t+ 7))− 1) = ψ−2(ψ−1(−t) + 3) = φf2(r)(−t).
Hence β1 = 0, β2 = −1.
If 0 < r = k2p <
1
2 we have f1(r) =
k
2p+1 , f2(r) =
k
2p ,
g1(φr(±t)) = ψ−1(ψ−p(±t+ k)) = ψ−p−1(±t+ k) = φf1(r)(±t),
g2(φr(−t)) = ψ−p(±t+ k) = φf2(r)(±t).
Hence α1 = α2 = 0, β1 = β2 = 0.
If 12 < r =
k
2p <
3
4 we have f1(r) =
k−2p−2
2p , f2(r) =
k+2p−1
2p+1 ,
g1(φr(±t)) = ψ−2(ψ2(ψ−p(±t+ k))− 1) = ψ−p(±t+ k − 2p−2) = φf1(r)(±t),
g2(φr(±t)) = ψ−2(ψ(ψ−p(±t+ k)) + 1) = ψ−p−1(±t+ k + 2p−1) = φf2(r)(±t).
Hence α1 = α2 = 0, β1 = β2 = 0.
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If 34 < r =
k
2p < 1 we have f1(r) =
k−2p−1
2p−1 ,
g1(φr(±t)) = ψ(ψ−p(±t+ k))− 1 = ψ−p+1(±t+ k − 2p−1) = φf1(r)(±t).
Hence α1 = α2 = 0.
If 34 < r =
k
2p <
7
8 we have f2(r) =
k−2p−3
2p ,
g2(φr(±t)) = ψ−3(ψ3(ψ−p(±t+ k))− 1) = ψ−p(±t+ k − 2p−3) = φf2(r)(±t).
Hence β1 = β2 = 0.
If 78 < r =
k
2p < 1 we have f2(r) =
k−2p−1
2p−1 ,
g2(φr(±t)) = ψ(ψ−p(±t+ k))− 1 = ψ−p+1(±t+ k − 2p−1) = φf2(r)(±t).
Hence β1 = β2 = 0.
Thus, we prove Lemma 6.
Lemma 7. For any positive ε, there are positive integer N and a finite subset
Z ⊂ DN such that |g1(Z)
⋂
Z|
|Z| > 1− ε, |g2(Z)
⋂
Z|
|Z| > 1− ε,
max
1≤k≤N
(xk − xk−1) < ε for any (x1, x2, ..., xN−1) ∈ Z where x0 = 0, xN = 1 .
Proof. Let ε ∈ (0, 1).
As lim
m→∞
2m−1∑
l=1
(x′′l
2m
−x′ l
2m
) = 12 it exists suchm ≥ 1 that max1≤l≤2m(x
′
l
2m
−x′′l−1
2m
) < ε,
where x′′0 =
1
4 , x
′
1 =
3
4 .
By Lemma 5 we find positive integer l, n such that
|f1(Xm,l,n)
⋂
Xm,l,n|
|Xm,l,n| > 1− 14ε, |f2(X
m,l,n)
⋂
Xm,l,n|
|Xm,l,n| > 1− 14ε.
Let k = 2m(n+2l+2), Vt = {t1, t2, ..., tk−1} for any t = (t1, t2, ..., tk−1) ∈ Xm,l,n,
and W =
⋃
t∈Xm,l,n
Vt.
Take integer J > 16(k+1)
ε
. Let
C = max
0≤j≤J
( max
− 14≤x≤ 14
(max
r∈W
|(φr(ψj(x)))′|+ |(ψj(x))′|)).
Take integer p > C+1
ε
. Let N = k(2p+ 1),
Z = {(ψj1( 1
4p
), ψj1 (
2
4p
), ..., ψj1(
p− 1
4p
),
1
4
, x′t1 , φt1(ψ
j2(−p− 1
4p
)), φt1(ψ
j2 (−p− 2
4p
)), ...,
φt1(ψ
j2(− 1
4p
)), xt1 , φt1(ψ
j3(
1
4p
)), φt1 (ψ
j3(
2
4p
)), ..., φt1 (ψ
j3(
p− 1
4p
)), x′′t1 ,
x′t2 , φt2(ψ
j4 (−p− 1
4p
)), φt2 (ψ
j4(−p− 2
4p
)), ..., φt2 (ψ
j4(− 1
4p
)),
xt2 , φt2(ψ
j5(
1
4p
)), φt2(ψ
j5 (
2
4p
)), ..., φt2 (ψ
j5(
p− 1
4p
)), x′′t2 , ...,
x′tk−1 , φtk−1(ψ
j2k−2 (−p− 1
4p
)), φtk−1(ψ
j2k−2 (−p− 2
4p
)), ..., φtk−1(ψ
j2k−2 (− 1
4p
)),
xtk−1 , φtk−1(ψ
j2k−1 (
1
4p
)), φtk−1(ψ
j2k−1 (
2
4p
)), ..., φtk−1(ψ
j2k−1 (
p− 1
4p
)), x′′tk−1 , ...,
3
4
, 1−ψj2k(−p− 1
4p
), 1−ψj2k(−p− 2
4p
), ..., 1−ψj2k(− 1
4p
)) : 0 ≤ j1 ≤ J, 0 ≤ j2 ≤ J,
0 ≤ j3 ≤ J, 0 ≤ j4 ≤ J, 0 ≤ j5 ≤ J, ..., 0 ≤ j2k−2 ≤ J, 0 ≤ j2k−1 ≤ J,
0 ≤ j2k ≤ J, (t1, t2, ..., tk−1) ∈ Xm,l,n},
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and
Zi = {(ψj1( 1
4p
), ψj1(
2
4p
), ..., ψj1(
p− 1
4p
),
1
4
, x′t1 , φt1(ψ
j2(−p− 1
4p
)), φt1(ψ
j2 (−p− 2
4p
)), ...,
φt1(ψ
j2(− 1
4p
)), xt1 , φt1(ψ
j3(
1
4p
)), φt1 (ψ
j3(
2
4p
)), ..., φt1 (ψ
j3(
p− 1
4p
)), x′′t1 ,
x′t2 , φt2(ψ
j4 (−p− 1
4p
)), φt2 (ψ
j4(−p− 2
4p
)), ..., φt2 (ψ
j4(− 1
4p
)),
xt2 , φt2(ψ
j5(
1
4p
)), φt2(ψ
j5 (
2
4p
)), ..., φt2 (ψ
j5(
p− 1
4p
)), x′′t2 , ...,
x′tk−1 , φtk−1(ψ
j2k−2 (−p− 1
4p
)), φtk−1(ψ
j2k−2 (−p− 2
4p
)), ..., φtk−1(ψ
j2k−2 (− 1
4p
)),
xtk−1 , φtk−1(ψ
j2k−1 (
1
4p
)), φtk−1(ψ
j2k−1 (
2
4p
)), ..., φtk−1(ψ
j2k−1 (
p− 1
4p
)), x′′tk−1 , ...,
3
4
, 1−ψj2k(−p− 1
4p
), 1−ψj2k(−p− 2
4p
), ..., 1−ψj2k(− 1
4p
)) : 1 ≤ j1 ≤ J−1, 1 ≤ j2 ≤ J−1,
1 ≤ j3 ≤ J−1, 1 ≤ j4 ≤ J−1, 1 ≤ j5 ≤ J−1, ..., 1 ≤ j2k−2 ≤ J−1, 1 ≤ j2k−1 ≤ J−1,
0 ≤ j2k ≤ J, (t1, t2, ..., tk−1) ∈ fi(Xm,l,n)
⋂
Xm,l,n}
where i = 1, 2.
By Lemma 6 we find g1(Z1) ⊂ Z and g2(Z2) ⊂ Z. Hence
|g1(Z)
⋂
Z|
|Z| ≤
|Z1|
|Z| =
(J − 1)(2k)|f1(Xm,l,n)
⋂
Xm,l,n|
(J + 1)(2k)|Xm,l,n| >
> (1− 4k
J + 1
)(1 − 1
4
ε) > (1− 1
4
ε)2 > 1− ε,
|g2(Z)
⋂
Z|
|Z| ≤
|Z2|
|Z| =
(J − 1)(2k)|f2(Xm,l,n)
⋂
Xm,l,n|
(J + 1)(2k)|Xm,l,n| > 1− ε.
We have φr(ψ
j( i4p )) − φr(ψj( i−14p )) ≤ C 14p < ε, ψj( i4p ) − ψj( i−14p ) ≤ C 14p < ε
for any r ∈ W , 1 ≤ i ≤ p, 1 ≤ j ≤ J that means max
1≤k′≤N
(xk′ − xk′−1) < ε for any
(x1, x2, ..., xN−1) ∈ Z.
Thus, we prove Lemma 7.
In turn, Corollary 2.1 follows from Theorem 2 and Lemma 7.
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